Introduction
In many devices, such as switches, closures, and clasps, mechanisms are desired which experience stable equilibrium in two distinct positions. Several authors have explored bistable mechanism characteristics, including the design of particular bistable mechanisms ͓1-3͔. There has also been considerable effort devoted to the design and fabrication of bistable micro-mechanisms for micro-valves ͓4 -7͔, micro-switches or relays ͓8-17͔, and fiberoptic switches ͓18 -20͔. Work on a mechanically bistable display system ͓21͔ and multi-stable mechanisms ͓22͔ has also been presented. Recent work has even focused on using mechanically bistable devices in a binary reconfigurable device, which uses the stable states of multiple bistable mechanisms to create many stable positions for the system ͓23͔. Much of this research relies on residual stress to induce beam buckling, a well-known bistable phenomenon. However, the difficulty of accurately controlling residual stress in micromachined materials complicates reproducibility of such devices ͓24 -25͔. Devices that do not require beam buckling often suffer from a complicated design process, in which computer models are manipulated until desired behavior is achieved. Hence, a need exists to develop simplified design methods for bistable mechanisms.
Compliant bistable mechanisms are a particular class of bistable mechanisms which use deflections of their members to gain motion, rather than relying solely on traditional rigid-body joints. Compliant mechanisms represent an elegant way to achieve bistable behavior because the flexible members allow both motion and energy storage to be incorporated into one element. In addition, compliance offers several other advantages, such as reduction in part-count, reduced friction, and less backlash and wear ͓26͔. However, the design of compliant bistable mechanisms is often not straightforward or easy, requiring the simultaneous analysis of both the motion and energy storage of the mechanism. This paper addresses this problem by developing theory specifying the placement of compliant segments within several different mechanism types to result in bistable behavior. With a known bistable mechanism configuration, dimensional synthesis may then be performed to meet motion requirements. Previous work discusses this topic for the four-link mechanism class ͓27͔; this paper expands the theory to include four-link mechanisms with translational ͑slider͒ joints. Examples are presented to demonstrate the ease of design made possible by this theory.
Approach to Mechanism Modeling
The pseudo-rigid-body model provides a convenient tool to use in the analysis and synthesis of compliant bistable mechanisms ͓28͔. This model approximates the force-deflection characteristics of a compliant segment using two or more rigid segments joined by rigid-body joints, with springs at the joints to model the segment's stiffness. Flexures which approximate the motion of a pin joint, including small-length flexural pivots and fixed-pinned segments, are modeled with one pin joint and one torsional spring ͓28 -30͔. The location of the pin joint is determined by loading conditions, and the value of the torsional spring stiffness depends on geometry and material properties of the flexible segment. Functionally binary pinned-pinned ͑FBPP͒ segments, consisting of a compliant segment loaded only at the pin joints on its ends, approximate the motion of a slider joint because the segment can only oppose a force directed along the line between its pin joints. Thus, these segments are modeled using a slider attached to a translational spring ͓31͔. Although the force-deflection behavior of the segment is generally non-linear, a linear spring approximates this behavior reasonably well and will be used here for simplicity.
Several simple equations involving a few model constants have been developed to express link lengths and spring stiffnesses within the pseudo-rigid-body model ͓28 -31͔; however, it is sufficient here to state that many types of compliant mechanisms can be treated as rigid-body mechanisms which incorporate springs at the joints. Thus, to create a compliant mechanism from a rigidbody mechanism model, one or more pin joints would be replaced by a small-length flexural pivot or a fixed-pinned segment, or a slider joint would be replaced by a functionally-binary pinnedpinned segment. Extensive testing using physical mechanisms has demonstrated the validity of this model ͓32-36͔. Therefore, the theory developed in this paper will treat compliant mechanisms and rigid-body mechanisms at the same time by allowing any joint with a spring to represent the appropriate compliant segment.
The Stability of Compliant Mechanisms.
As compliant mechanisms move, they store or release strain energy in their flexible members. This storage and release of energy gives them one or more distinct stable equilibrium positions ͓3͔. A mechanism is at an equilibrium position when no external forces are required to maintain the mechanism's position. For this discussion, an equilibrium position is stable if the mechanism returns to that position after small disturbances, but it is unstable if small disturbances cause the mechanism to assume a different position. In the absence of other energy input, the stable equilibrium positions of a mechanism will correspond to local minima in the strain energy storage of the mechanism ͓37͔. Hence, a knowledge of the strain energy equation for a compliant mechanism allows calculation of stable positions.
Using the pseudo-rigid-body model, the strain energy equation of a compliant mechanism is easily generated. For a segment which approximates a pin joint, the potential energy V stored in the segment is
where K is the torsional spring constant, calculated using model equations, and ⌰ is the pseudo-rigid-body angle, or the angle of deflection of the compliant segment. The strain energy stored in a FBPP segment is
where ⌬x is the change in distance between the segment's two pin joints, and K s is the linear spring constant. Because each compliant segment stores energy independently of the others, the total strain energy in the mechanism is simply the sum of the energy stored in each compliant segment ͓38͔.
Method of Identification of Bistable Mechanism Configurations.
To find mechanism configurations resulting in bistable behavior, the strain energy equations for several types of mechanisms will be studied. Each joint in the mechanism can be examined independently by choosing a non-zero spring constant for a spring operating at the joint, while spring constants for all other joints are zero. For a mechanism to be bistable in a given configuration, it must meet three criteria. First, the first derivative of the potential energy equation must have at least three solutions, or mechanism positions that make the first derivative of energy equal to zero. Second, the second derivative of energy must be positive at two of these solutions, indicating two stable states, while it must be negative at all of the other solutions, indicating unstable positions. Third, the two stable positions as well as at least one of the unstable positions must be viable mechanism positions-that is, the mechanism must be able to assume these positions during normal motion. The results of this analysis for several mechanism classes allow determination of mechanism configurations which are bistable.
Double-Slider Mechanisms With a Link Joining the Sliders
This mechanism type consists of a link joined by pin joints to two slider joints, as shown in Fig. 1 . The figure shows springs placed at each joint-torsional springs at pin joints and translational springs at sliders. x 2 and x 4 are measured from the undeflected state. The displacement equations in terms of 3 are
where 30 is the initial angle of the link. All springs are assumed to be undeflected when 3 ϭ 30 . 
The second derivative is 
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Transactions of the ASME
For the first two solutions in Eq. ͑8͒, the sin term in Eq. ͑10͒ is zero, leaving only a cos 2 term, which is always positive. Therefore, the first two solutions are stable positions for the mechanism. For the last solution, the cos 2 term is zero, and the remainder of the expression will be negative for all values of 1 , given the restriction in Eq. ͑9͒. Therefore, the last solution, which is really two physical positions for the mechanism, corresponds to two unstable positions. The restriction in Eq. ͑9͒ says that the initial mechanism position cannot be at either of the unstable positions; these correspond to positions of extreme motion for the slider attached to K 1 . Because this type of mechanism can rotate through a complete revolution in 3 , all of the solutions in Eq. ͑8͒ are viable positions for the mechanism, so that a translational spring K 1 leads to bistable behavior.
Analysis for the Springs Labeled K
(11) The only solution to this equation, solved simultaneously with Eq. ͑4͒, is x 4 ϭ0, which is the initial position. Therefore, there are no other equilibrium positions for the mechanism, proving that a torsional spring K 2 or K 3 does not result in a bistable mechanism. 
Analysis for the
In the interest of space, the second derivative of energy will not be explicitly stated in this or subsequent proofs. However, its derivation, followed by substitution of the solutions from Eq. ͑13͒ reveals that the first two solutions give positive values for the second derivative, while the last solution gives negative values. Moreover, because the link has full rotation, each of the solutions represents a viable mechanism position. Therefore, a translational spring K 4 will produce a bistable mechanism, unless the restriction in Eq. ͑14͒ is not met-that is, if the initial position is an extreme position for the slider attached to K 4 .
Analysis Summary.
Hence, for a double-slider mechanism with a link joining the sliders, the mechanism will be bistable if a spring is placed at either of the sliders and the initial position is not an extreme position for the spring. This result applies to either a rigid-body mechanism with springs or to a compliant mechanism modeled as such, like the mechanisms shown in Fig. 2 . However, a torsional spring placed at either pin joint does not cause bistable behavior. The figure also shows one of the unstable positions and the second stable position. The compliant mechanism is shown with a functionally-binary pinned-pinned segment replacing the spring.
Double-Slider Mechanisms With a Pin Joining the Sliders
This class consists of mechanisms with four joints, including two slider joints. The two sliders are joined by a pin joint, as shown in Fig. 3 . Using as the independent variable, r 2 ϭ e 1 ϩe 2 cos sin (15) and r 4 ϭ e 1 cos ϩe 2 sin (16) For ease of analysis, we require both e 1 and e 2 , the slider eccentricities, to be non-negative, and
These requirements may be made without loss of generality because mechanisms which violate these conditions are merely ki- nematic inversions of a mechanism which does satisfy the criteria. Also, note that mechanism motion using these conditions requires that remain between 0 and .
Case 1: Eccentricities Not Equal.
The energy equation is the same as Eq. ͑5͒, where the K's are the spring constants as noted in Fig. 3 
However, for the case where e 2 Ͻe 1 , the right hand side of Eq. ͑25͒ will always be positive, so that lies between 0 and . These are also the limits for physical values that can take, indicating that this solution is within the physical range of the mechanism. In addition, because e 2 Ͻe 1 , the third solution is also physically realizable. The stability of each solution position can be determined from the second derivative of potential energy. Substitution of the solutions in Eq. ͑23͒ into the second derivative reveals that the first two solutions give positive values, while the third gives negative values. Thus, the first two solutions are stable positions, while the third is an unstable mechanism position which lies between the other two. Therefore, a spring attached to the slider with the smaller eccentricity will create a bistable mechanism, unless the initial position corresponds to the third solution in Eq. ͑23͒, which is the extreme position for the slider. 
Analysis for the
For the case where e 2 Ͻe 1 , the right hand side of Eq. ͑28͒ will always be negative, so that the second solution given in Eq. ͑23͒ lies between Ϫ and 0. This solution to the equation is thus out of the range of physically realizable mechanism positions. In addition, because e 2 Ͻe 1 , the third solution is not defined mathematically. Hence, the mechanism could be taken apart and reassembled in a different assembly configuration that would include the second solution in Eq. ͑27͒, but it cannot reach this position through ordinary mechanism motion. Hence, a spring placed at spring location 4, which is attached to the slider with the larger eccentricity, will not create a bistable mechanism.
Analysis Summary.
Therefore, for this class of doubleslider mechanisms, only a spring placed at the slider with the smaller eccentricity will result in bistable behavior, assuming the initial position is not an extreme position for the slider. Figure 4 illustrates an example. A bistable compliant mechanism may also be constructed as illustrated, where the spring and slider have been replaced by a FBPP segment. The figure represents only one possible compliant configuration.
Case 2: Eccentricities Equal.
The preceding section has shown that a torsional spring placed at either pin joint will not cause bistable behavior regardless of the eccentricities. However, for either non-zero K 2 or K 4 , if e 2 ϭe 1 , the solutions in Eq. ͑23͒ and Eq. ͑27͒ to the first derivative equation are both ϭ 0 (29) ϭ Unfortunately, substitution into the second derivative of potential energy shows that while the first solution is definitely stable, the value ϭ results in a singular mechanism position. In this position, the lines of action of the two sliders lie on top of each other due to their equal eccentricities, and the sliders can move anywhere along their line of action in the absence of springs. Thus, a translational spring attached to either slider will be free to expand to its undeflected length when the singular position is reached, making the position stable. As this mechanism position lies within the feasible range for the mechanism class ͑0 to ͒, the mechanism will always be able to take on this position during motion. Therefore, the mechanism will have bistable behavior if a translational spring is placed at either sliding joint.
Slider-Crank or Slider-Rocker Mechanisms
The slider-crank or slider-rocker mechanism type is shown in Fig. 5 with springs placed at each joint. For this analysis, r 2 is arbitrarily chosen as the shortest link. Also, e is constrained to the range eу0. This may be done without loss of generality because the case where r 2 Ͼr 3 is merely a kinematic inversion of the case where r 2 Ͻr 3 , and a negative value for e represents a rotation of the entire mechanism by 180 deg. If
then the mechanism is a slider-crank. If the two sides in Eq. ͑30͒ are equal, then the mechanism is a change-point slider-crank, and if the left side is less than the right side, then the mechanism is a slider-rocker. In addition, the displacement equations are 
For the first two solutions in Eq. ͑35͒, the second derivative is positive, indicating that they are each stable positions. For the third solution, the second derivative is negative for a slider-rocker mechanism, resulting in an unstable equilibrium position. For a change-point slider-crank mechanism, the limit of the second derivative as the third solution is approached is also negative. Therefore, for either type, the mechanism will be bistable with a spring K 1 as long as each of the solutions in Eq. ͑35͒ represents a viable mechanism position. The first two solutions in Eq. ͑35͒ are viable for any assembly configuration because they each satisfy Eq. ͑31͒, assuming the mechanism may be assembled-that is, there exist values 20 and 30 that satisfy Eq. ͑31͒. The third solution corresponds to two different mechanism positions, where 3 ϭ/2 and 3 ϭϪ/2. For 3 ϭ/2, Eq. ͑31͒ may be written
For a slider-rocker, with r 3 Ϫr 2 Ͻe, the right-hand side of this equation lies between 1 and Ϫ1, assuming the mechanism can be assembled (r 2 ϩr 3 Ͼe). Similarly, for a change-point slider-crank, with r 3 Ϫr 2 ϭe, Eq. ͑37͒ reduces to sin 2 ϭϪ1. Thus, in either case, 2 is a real number, indicating that the mechanism can assume this position. On the other hand, for 3 ϭϪ/2, Eq. ͑31͒ is
The right-hand side is greater than one for r 3 уr 2 and r 3 Ϫr 2 Ͻe, indicating that no real mechanism position corresponds to this solution for a slider-rocker. For a change-point slider-crank, no real solution exists unless eϭ0, in which case r 3 ϭr 2 , and sin 2 ϭ1. Nevertheless, in either mechanism type, at least one of the two unstable positions may be reached; therefore, we may conclude that a slider-rocker or a change-point slider-crank mechanism with a torsional spring at location 1 will be bistable unless the initial mechanism position corresponds to the extreme position for the spring, as given by Eq. ͑36͒. Figure 6 shows a sample mechanism with a spring at location 1.
Analysis for the Spring Labeled K 2 .
If K 2 is exclusively non-zero, then the first derivative equation using 2 as the independent variable is As expected, the first two solutions in Eq. ͑40͒ give positive results in the second derivative for any configuration, whereas the third solution gives a negative result for a slider-rocker mechanism. For a change-point slider-crank, the second derivative gives zero divided by zero for the third solution, but the limit goes to negative infinity as the third solution is approached. Thus, for either a slider-rocker or a change-point slider-crank mechanism, a spring placed at location 2 will result in a bistable mechanism as long as each of the solutions in Eq. ͑40͒ corresponds to a viable mechanism position. The first two solutions represent feasible mechanism positions for any mechanism position because, in either case, the solutions satisfy Eq. ͑31͒. For the third solution to be feasible, we require, from Eq. ͑31͒,
For a change-point slider-crank, the term in the center of this inequality reduces to 1, indicating that this is a viable position. The only exception is when eϭ0, indicating that r 2 ϭr 3 , so that the center term is undefined. This is because this position is the change-point position for the mechanism, which is a singular position. Because a change-point mechanism will always be able to assume the change-point position, any change-point slider crank will be able to reach the position corresponding to the third solution. For a slider-rocker, the inequalities used in the previous section (r 3 Ϫr 2 Ͻe and r 3 ϩr 2 Ͼe) may be manipulated to result in the inequality in Eq. ͑42͒. Therefore, a slider-rocker or a changepoint slider-crank with a spring K 2 will also result in a bistable mechanism, unless the initial position of the mechanism is an extreme position for the spring, as given by Eq. ͑41͒. An example mechanism with the spring in this location is shown in Fig. 7 . 
Analysis for the
The second derivative of energy is positive for the first two solutions in Eq. ͑44͒ and negative for the third solution for a sliderrocker. Its limit is negative for a change-point slider-crank. Therefore, the first two solutions are stable positions, while the third is an unstable position. Furthermore, it is easy to show that the first two solutions in Eq. ͑44͒ represent feasible mechanism positions for any configuration of slider-rocker or change-point slider crank because each solution satisfies Eq. ͑31͒. The third solution represents two possible mechanism positions: 2 ϭϮ/2. For 2 ϭ/2, there is a real value of 3 to satisfy Eq. ͑31͒ for any set of r 2 , r 3 , and e that satisfy the conditions outlined earlier (r 3 уr 2 and r 3 ϩr 2 уe). However, for 2 ϭϪ/2, a real value for 3 only exists for a change-point slider-crank. Because there are two feasible stable positions and at least one feasible unstable position, the mechanism is bistable with a spring K 3 , provided that the initial position is not an extreme position for the spring, as given by Eq. ͑45͒. Transactions of the ASME The second derivative is positive for the first two solutions in Eq. ͑47͒ and negative for the second two solutions, as long as the condition in Eq. ͑48͒ is met. Therefore, the mechanism has two stable positions and two unstable positions. Feasibility of the solutions is all that remains to be proved. The first solution in Eq. ͑47͒ is feasible because it is the initial position. The second solution is also feasible because it satisfies Eq. ͑31͒. For the third solution to be feasible, we require Ϫ1р e r 3 ϩr 2 р1 (49) which will be satisfied for any assembled mechanism, for which r 2 ϩr 3 Ͼe. However, the fourth solution will not be feasible for a slider-rocker mechanism because r 3 Ϫr 2 Ͻe, making the argument of the asin function out of its domain. On the other hand, for a change-point slider-crank, the fourth solution will reduce to 2 ϭasin(Ϫ1), which is feasible. Therefore, because in either mechanism type at least one unstable position is feasible, any slider-rocker or change-point slider-crank mechanism with a translational spring attached to the slider will be bistable, as long as the initial position is not an extreme position, or one which violates Eq. ͑48͒.

Analysis Summary.
The preceding sections prove that a slider-rocker or change-point slider-crank mechanism with one spring placed at exactly one joint of the mechanism will be bistable as long as the initial position does not represent an extreme position for the spring, regardless of which of the four joints is used. The slider-crank mechanism remains to be examined.
Slider-Crank Mechanisms.
The previous analysis showed that stable and unstable positions exist for springs at any of the four spring locations. Moreover, the stable positions are feasible mechanism positions for any slider-crank mechanism because no knowledge of the precise mechanism type was required to demonstrate their feasibility. All that remains is to show whether or not the unstable positions corresponding to a spring placed at each joint are feasible for a slider-crank mechanism.
For a spring K 1 , which is attached to the shortest link, the unstable positions are, from Eq. ͑35͒,
Substitution into Eq. ͑31͒ gives
Knowing that r 3 уr 2 and, for a slider-crank, r 3 Ϫr 2 Ͼe, this equation reduces to sin 2 Ͼ1 or sin 2 ϽϪ1
for which neither condition can be met. Hence, the mechanism cannot assume the unstable position, preventing it from switching between the two feasible stable positions. In other words, the mechanism can only switch from one stable position to the other if it is disassembled and reassembled in the other position-it cannot do so through normal mechanism motion. The other spring attached to the shortest link is K 2 . The unstable position for this spring is characterized by, from Eq. ͑40͒, 
For a slider-crank, the right-hand side of this equation is less than Ϫ1, indicating that this mechanism position is not feasible. Therefore, springs located at joints adjacent to the shortest link will not result in bistable behavior. K 3 is the torsional spring not adjacent to the shortest link. The unstable positions for this spring location, from Eq. ͑44͒, are 2 ϭϮ 2 (54) which may be reached for any slider-crank for which link 2 is the shortest link. This is because the crank, which is the shortest link, may fully rotate for a slider-crank. To specifically show that this angle may be reached, substitute Eq. ͑54͒ into Eq. ͑31͒ to get
That either position is defined may be proved using the known inequalities r 3 Ϫr 2 Ͼe, r 3 уr 2 , and r 2 ϩr 3 Ͼe. Hence, the mechanism will be bistable with a spring placed opposite the shortest link. For example, Fig. 8 shows a bistable slider-crank with a spring at position 3. Finally, for a translational spring K 4 , the unstable positions, from Eq. ͑47͒, are
Again, it is easy to show that either position is feasible from the basic inequalities. Figure 9 shows a bistable slider-crank with a spring placed at the slider.
Note that if r 2 Ͼr 3 , then the shortest link will be link 3, so that a spring at joint 1 will cause bistable behavior, while a spring at joint 3 will not. This may easily be seen by repeating the preceding analysis using r 2 Ͼr 3 . Therefore, a slider-crank mechanism with a spring placed at one joint will be bistable only if the spring is located at the slider or opposite the shortest link, assuming the initial mechanism position is not an extreme position for the spring. Table 1 summarizes the spring locations for each mechanism type which will result in a bistable mechanism if no other springs act on the mechanism. The table applies to either rigid-body mechanisms or compliant mechanisms modeled using the appropriate rigid-body mechanism. If multiple springs are present, the potential energy equation must be solved for a full understanding of the location of the unstable and stable positions. However, the analyses presented here give a designer knowledge of which spring positions will work for or against bistable behavior. Moreover, in many cases it is possible to make one spring significantly stiffer than the other springs in the mechanism, allowing the stiff spring to dominate the others. Then, the mechanism behaves much as if the dominating spring were the only spring in the mechanism.
Summary of Spring Locations Necessary for Bistable Mechanisms
Examples in Design
The information regarding placement of springs to produce bistable behavior is very useful for design. By knowing beforehand the spring locations which will produce bistable behavior, a designer can quickly generate many viable mechanism configurations. The examples here demonstrate the process.
Example: Bistable CD Ejection Actuator.
A bistable mechanism is desired to eject compact discs or similar media from a case. The mechanism must move in a straight line to push the CD out of the case; hence, one or more translational joints is desirable. Thus, any of the mechanism classes discussed in this paper may be used. To develop designs, each mechanism type may be considered in a configuration using one of the spring locations specified in Table 1 . Figure 10 shows four example mechanisms. In each case, one of the joints has a spring attached to it with the spring locations given by Table 1 . One of these designs may then be chosen for further development. For example, if design ͑a͒ is chosen, a compliant mechanism like that shown in Fig. 11 could result. In this mechanism, the pin joints are approximated with very small, thin flexural hinges, known as living hinges. The spring and slider joint are approximated using a functionally binary pinned-pinned segment. Dimensions and materials can be chosen to meet any other design constraints.
Example: Bistable Electrical Switch.
A bistable electrical switch with a rotating link used to toggle the mechanism between states is desired. Figure 12 shows five different mechanism configurations which could be used. These configurations are chosen by investigating various inversions of the slider-rocker mechanism type with different spring locations. This figure illustrates how mechanism inversions can be used to create many different possible configurations. Figure 12͑c͒ is developed further here because of its simplicity, allowing it to be constructed with only one link and one slider. In addition, by replacing the spring and slider with a FBPP segment, and by using living hinges in place of pin joints, the mechanism can be made fully compliant. The design is shown in Fig. 13 . Again, dimensions and materials can be chosen from any other design constraints.
Conclusion
Using knowledge of mechanism motion, analyses have been presented regarding the placement of compliant segments in a pseudo-rigid-body model to guarantee a mechanism's bistable behavior. This paper has focused on identifying such mechanism configurations that contain one or more slider joints. The work simplifies design by giving the designer prior knowledge of the compliant mechanism configurations that will lead to a bistable mechanism. Once the mechanism configuration is selected, its dimensions can be chosen to meet force or motion requirements of a design problem without concern for compromising the bistable behavior of the mechanism. Two examples were presented to demonstrate the use of the theory in design. Fig. 10 Possible mechanisms that could be used to make a bistable CD ejection actuator. "a… and "b… are the two types of double-slider mechanisms; "c… and "d… are a slider-crank and slider-rocker mechanism, respectively. Fig. 11 The resulting compliant bistable mechanism, based on the double-slider with a pin joint joining the sliders. A pseudorigid-body model mechanism is shown in dashed lines. 
